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In this paper we present a careful reexam ination o f anyons on a cylinder (or annulus), starting 
from the braid-group analysis. Proper attention is paid to the topological features arising from  the 
existence of noncontractible loops. The rule for putting anyons on a square lattice has to  be 
modified when the periodic boundary condition is imposed on one direction. In  contrast to the an­
nulus, one extra restriction is needed for the cylinder geometry to  recover its symmetry between the 
two edges. We have perform ed some finite-system calculations. The consistency of our results has 
been checked by the agreem ent from two sets o f seemingly different rules and also by th a t w ith free 
fermions. We have also calculated the spectral flow o f the excited states with varying statistics or 
flux and have seen a lot o f level crossings, which seem to be a general feature of anyon systems. The 
mean-field treatm ent is found to  be good until level crossing occurs, and to be better if one starts 
with the hard-core boson ra ther than the fermion.
I. INTRODUCTION
In tw o-dim ensional system s th e re  m ay exist 
(quasi)particles o th e r th an  bosons o r ferm ions. Such p a r­
ticles, called anyons, obey fractional s ta tis tics .1 ~ 3 A  ca l­
cu lation  o f th e  second virial coefficient4 shows th a t anyon 
in terpo la tes betw een bosons and  ferm ions. I t is believed 
th a t the  quasipartic les in the fractional quantized  H all 
effect are actually  anyons .5,6 R ecently  L aughlin7-9 p ro ­
posed th a t anyons play an essential role in the  h igh-T c su­
perconductiv ity . A fter th is  in teresting  proposal, several 
g roups have stud ied  the  free anyon system .8” 13 M any of 
these recen t studies are based on the mean-field app rox i­
m ation , in w hich the sta tistica l flux tubes associated  w ith 
th e  particles are replaced by a un iform  m agnetic field. 
T he mean-field theory  w ith  random -phase approxim ation  
(RPA) fluctuation  p red ic ts  th a t the ground  sta te  o f the 
anyon system  is a superfluid and  becom es superconduct­
ing if the  anyons are charged.
T heoretically  the  n a tu re  o f  the  g round  sta te  o f the  
free-anyon system  is a fundam ental problem , a p a rt from  
its re la tion  to  the h igh-T c superconductiv ity . O ne o f the 
key poin ts is to  understand  the  valid ity  o f  th e  mean-field 
approx im ation . S tudies to  p u t anyons on th e  la ttice  are 
also perform ed by several a u th o rs .14-18 A  pioneering 
com pu ter study on  a sm all anyon system  has been done 
by C anrigh t, G irv in , and B rass .15-17 T hey calcu lated  the 
ground  sta te  o f  anyons on a sm all la ttice  in  a cylinder 
geom etry by exact d iagonalization , and claim ed th a t the  
m ean-field trea tm en t is good. They also argued, from  the  
g round-sta te  energy versus central-flux d iagram , th a t 
th e re  exists a paired  sta te  in som e p aram ete r range for 
the  in te rpartic le  in te raction .
W e notice th a t a cylinder, th ough  noncom pact, is still 
topologically  non triv ia l and differs from  a board  or a
plane in th a t the re  are noncon tractib le  loops on it. F rom  
the path -in teg ral fo rm ulation  o f  fractional s ta tis tic s ,3 it is 
clear th a t th is topological non triv ia lity  w ould affect the 
properties o f  anyons th ro u g h  the  b ra id  group  on the 
cylinder. A nd  it is n a tu ra l to  expect th a t a carefu l reex­
am ination  based on th e  b ra id  group  w ould resolve or 
clarify som e puzzling features in the  previous results, 
such as the asym m etry  o f the  g round-sta te  energy in  the 
m agnetic flux th read ing  th ro u g h  the  hole o f the  cylinder 
(see Refs. 15-17).
In  th is  paper we presen t an exam ination  o f anyons on  a 
cylinder (or annulus), based on  the  b raid -g roup  analysis. 
W e find th a t besides the  usual local exchanges, the re  are 
additional generators in the  b ra id  g roup  fo r a cy linder o r 
an annulus, w hich correspond  to  m oving anyons a round  
noncon tractib le  loops. T his leads to  one m ore param ete r 
<t>, in  add ition  to  the  usual s ta tistics p aram ete r 6, for the 
(one-dim ensional) b raid -g roup  rep resen tations. In  o rder 
to  separate  the effects o f 8  from  those o f  <t>, a tten tio n  has 
to  be paid  to  p roperly  identifying the  la tte r  w ith  the 
th read ing  m agnetic flux th ro u g h  th e  cy linder o r annulus. 
This results in  an unexpected  necessity for m odifying the 
usual rules fo r pu tting  anyons on a square la ttice  when 
one im poses the  periodic boundary  condition  in one 
d irection , and  we have been able to  give tw o sets o f  seem ­
ingly different rules th a t bo th  satisfy th e  b raid -g roup  re ­
quirem ents. A lso th is identification brings the  following 
fact to  ligh t th a t th e  cy linder geom etry  has an  ex tra  sym ­
m etry  th a t th e  annulus geom etry  does n o t have, nam ely, 
under the  180° ro ta tio n  in  the three-d im ensional space 
th a t brings e ith er edge in to  the  o ther. T his sym m etry  re ­
quires one ex tra , also unexpected, restric tion  fo r anyons 
on a cylinder; i.e., ex p [2 / ( N  — 1 )0) =  1, w here N  is th e  
to ta l num ber of anyons.
T o check ou r analysis we have perform ed som e finite-
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system  calculations. T he consistency o f ou r results has 
been checked by the  agreem ent o f the  results from  our 
tw o different sets o f rules. A lthough  they bo th  satisfy the 
braid -g roup  requirem ents, th e  equivalence betw een them  
otherw ise is no t obvious a t all. T here  are som e 
differences betw een ou r results and  previous ones .15,17 
F o r exam ple, the  ferm ion po in t in Fig. 1(a) o f Ref. 17 
does no t agree w ith  the  exact analy tic  result, bu t our re ­
sult does. A ctually , one m ay w orry  th a t som e o f the  p re­
vious results w ere based on the  usual rules for pu tting  
anyons on a board , w hich d id  not inco rpo rate  th e  neces­
sary m odification for the cylinder or annulus th a t we 
m entioned above. In  o u r opinion, som e o f the previous 
results co rrespond  to  system s w ith  a  certa in  nonzero  cen­
tra l flux th ro u g h  the  hole, w hich depends on bo th  the 
partic le  num ber and  the statistics. A  detailed com par­
ison will be given later.
W e have also calcu lated  the excited states and the ir 
spectral flow w ith e ither 9 o r <E> varying, and have seen a 
lo t o f level crossings, th e  existence o f w hich seems to  be a 
general feature o f anyon system s, b u t th e  significance of 
the  spectral flow and level crossing is no t well understood  
yet. In  p articu la r, from  ou r resu lts the  validity  o f the 
mean-field trea tm en ts seems to  be related  to  level cross­
ings. W hether sta rting  w ith  the  ferm ion o r the  hard -core  
boson, the mean-field approx im ation  looks good un til the  
first o r second level crossing occurs. A fterw ard  the 
mean-field approx im ation  is no t so good. F o r the 
cy linder geom etry, th e re  are m any level crossings near 
the  ferm ion po in t b u t few near the  hard -core  boson point; 
and the  mean-field theory  seems to  be m uch  b e tte r from  
the  la tte r  th an  from  the form er. F o r com parison we also 
stud ied  the mean-field approx im ation  on the  board  
geom etry. W e found it is b e tte r  th an  on the  cylinder be­
cause o f  less level crossings.
II . B RA ID  G R O U P  O N  A CY LIN D ER
To define anyons on a cylinder (or annulus, if  one tem ­
porarily  ignores the  differences in th e ir  geom etry), we 
s ta r t w ith  the  braid-group  analysis, w hich underlies the 
pa th -in teg ral fo rm ulation  o f fractional s ta tis tics .3 A c­
cording to  the la tte r, the  b ra id  group  is the  fundam ental 
group  (or the first hom otopy  group) o f the m any-anyon 
configuration space, and  it plays the  sam e basic role for 
anyons as the p erm u ta tion  group  fo r usual bosons and 
ferm ions. In  particu la r, the  scalar anyon wave function  
form s a one-dim ensional rep resen ta tion  o f th e  braid  
group for the  surface on w hich they are defined. So the 
ru les describing anyons should  be able to  rep roduce the 
co rrec t phase fac to r for every noncon tractib le  loop in the 
m any-anyon configuration  space in agreem ent w ith  the 
b raid -g roup  represen tation . L et us first consider the  con­
tinuum  case in th is section, then  pu ttin g  anyons on a la t­
tice in the  next section.
A. Generators
R ecall th a t the  b raid  group , B N(S), fo r N  anyons on a 
surface S' is th e  first hom otopy  group  o f the  Ar-anyon 
configuration  space:
CN =  ( S X  ■ ■ ■ X S - D ) / S n  , (2.1)
w here because o f  the  hard -core  n a tu re  o f  anyons, one has 
to  su b trac t the  subset D  =  ( ( r ,,  . . . , ) |r^ = T j 3i¥=j J 
represen ting  configurations w ith  a t least tw o of the  p a r ti­
cles sitting  a t the  sam e site and S N is the  perm utation  
group  o f N  partic les w hich represen ts indistinguishability  
am ong them .
W hen S  is a p lane or board , the  b raid  group  is generat­
ed by the  local exchange operators:
ct,-, ( = 1 , . . . , N - 1 , (2 .2 )
w here ct, represen t an  in te rchange o f  /th  and  (i +  1 )th 
particle  counterclockw ise w ithou t o th e r anyons enclosed 
in the exchange loop. (N ote th a t th e  plane, cylinder, and 
annulus is all o rientable and  we can  assign one norm al 
d irection  to  the  surface.) These generators are know n to 
satisfy the following re la tions:19
a ,-ctj  — c r , ( i¥=j±  1) , (2.3)
a !a ; + isf/ =<T/ + icrisfi + i • (2.4)
T he b raid  group  o f the  cy linder is m ore com plicated, 
since th e  first hom otopy  group  o f the  cylinder is non triv i­
al: N am ely, the re  are noncon tractib le  loops even for a 
single partic le  on the cylinder, and th is  m ust affect the 
first hom otopy  group  for th e  m any-particle  configuration 
space. M ore concretely, for a cylindrical system , there is 
an o th er type o f  generato r p j ,  w hich represents m oving 
th e  / th  partic le  (e.g., / th  from  the  left o r inner edge o f the 
cylinder o r annulus) a round  the hole once in th e  positive 
d irection , w ith  /  — 1 particles betw een it and the  left o r 
inner edge (see Figs. 1 and 2), sim ilar to  those on a 
to ru s .20 It is easy to  see th a t these generators
(/ =  1,2, . . . , TV) satisfy
P iPj= PjPi > (2-5)
a ip j  (i¥=j, i +  1# / )  , (2.6)
Pj + i =  d j P j ° j  > (2.7)
w here (2.5) and (2.6) are clear and (2.7) can  be understood  
from  Fig. 1. W e em phasize th a t the  existence o f the add i­
tional b raid -g roup  generators p ; is a consequence o f the 
existence o f noncon tractib le  loops on the  cylinder.
p, = exp  (i 2710) 
P j , ,  =  O j P j  (Jj
Pj
Pj = exp  ( i ( 2 tc& + 2  9 (j-1) ) }
FIG . 1. The cylinder with generators for the braid group on 
it. 4> is a central flux which is through the hole of the cylinder.
43 BRAID GROUP AND ANYONS ON A CYLINDER 2663
s m
FIG . 2. Two different m ethods to deform a cylinder into an- 
nuli. The two annuli A and B  are different as an annulus. They 
should be the same, however, if we consider the system as a 
cylinder.
B. Representations
N ow  let us exam ine the  one-dim ensional un ita ry  rep re ­
sen tations o f  th e  b raid  group . F o r <jj we get th e  rep re ­
sen ta tion  a j = e ' e (for all j)  as usual and  we can  in te rp re t 
9 as th e  anyon s ta tis tics .3 T hen  (2.6) im plies th a t the  rep ­
resen ta tion  for p j  satisfies
p j  +  l = p j < i x ? [ i 2 8 ]  . ( 2 . 8 )
U sing (2.8) repeatedly  we obtain
Pj  = p 1exp[i'20(y — 1)] . (2.9)
W e note th a t because o f (2.8), different p j  are  represen ted  
by different phases; th ough  a t first glance it is som ew hat 
coun ter in tu itive for the  cy lindrical case, b u t upon fu r­
th e r reflection one m ay convince oneself th a t th is is 
correct.
N ow  we com e to  one m ain  po in t o f  th is paper. T o  fix 
the  b ra id -g roup  represen ta tion  we need to  fix th e  phase o f 
P j. T h is im plies th a t the  existence o f  the  generators pj  
requires an additional param ete r, in add ition  to  9, to  la ­
bel the  braid -g roup  represen ta tions on a cylinder o r  a n ­
nulus. Physically  th is  is n o t very surprising , since th e  ex­
istence o f  the  hole m akes it necessary to  consider the 
A haronov-B ohm  effect, th a t is, the  effects o f  a cen tra l 
flux <t> th read ing  th ro u g h  the  hole (see Figs. 1 and  2). 
N atu ra lly  we include th e  effects o f  th is  flux by setting
Pj =exp[i27r<I>] . (2.10)
In  o th e r w ords we define physical flux <J> by th is equation . 
T hus p j  is given by
p j  = e x p f / [ 2 8 ( j  — 1 ) +  27t<I>] j . (2.11)
W e see th a t the  tw o param eters 8  and  <t> are tang led  in 
the  phase o f  pj .  T h is is an unavoidable consequence o f 
the  topological non triv ia lity  we m entioned  several tim es. 
A nd it tu rn s  ou t to  be im p o rtan t la te r for co rrec t rules
for pu ttin g  anyons on a lattice, w here one needs to  p ro p ­
erly en tangle th e  tw o param eters. A lso we em phasize 
th a t (2.10) o r (2.11 ) is a  n a tu ra l and  physical definition of 
the flux <t> th ro u g h  the  hole since, by o u r definition, p , 
represen ts m oving an anyon a ro u n d  the  inner edge o f  the 
annulus o r the  left edge o f the  cy linder w ithou t enclosing 
o th e r anyons.
C. Symm etry and restriction
T he above consideration  im m ediately  leads to  th e  fol­
low ing consideration: U nlike the  an n u lar case, th e  tw o 
edges o f a cylinder are sym m etric; one should  be able to  
identify  th e  phase for th e  generato r p N a t the  rig h t edge 
w ith the  cen tra l flux <1> as well. U sing (2.11) w ith  j = N  
one im m ediately ob ta ins the  constra in t
ex p [(20(iV — 1 ) ] =  1 . (2. 12)
W ith  N  given, th e  allow ed values o f  9 are  restric ted  to  be
~77~^~7 ( » » = 0 , . . . ,  2 A T -3 ) . (2.13)
N  — 1
If  8 / tt is fixed to  be fractional, then  th e  to ta l num ber N  
o f th e  anyons canno t be arb itra ry .
P u tting  it in an o th er way, let us ro ta te  the  cy linder in 
Fig. 3(A) in  th ree dim ensions by 180° as show n in Fig. 
3(B). T h is sym m etry  opera tion  exchanges the  tw o edges
ro ta te
pj(0)=
FIG . 3. Schematic figure to  explain the restriction for the 
statistics on the cylinder. The cylinder has an extra symmetry 
tha t the annulus does not have, namely, under the 180° rotation 
in the three-dimensional space tha t brings either edge into the 
other.
2664 YASUHIRO HATSUGAI, MAHITO KOHMOTO, AND YONG-SHI WU 43
and reverses the  d irection  o f the  cen tra l flux. H ow ever, 
the d irection  o f  the  s ta tis tica l flux o f the  partic le  does not 
change. N ow  let us relabel the  particles in Fig. 3(C) and 
denote the  new  generators w ith  prim e like o':
d j = a'N + \- j  . <2-14)
, (2.15)
w here the  inverse on th e  righ t-hand  side o f (2.15) is 
p resent because the  d irection  o f p j  is reversed by the  ro ­
ta tion  procedure. Because o f the  sym m etry o f the 
cylinder, th is  relabeling should  no t change any physics 
and, therefore, the new  generators should  be represen ted  
in  the  sam e way. T hus (2.15) gives
exp[/ (20( j  — 1 ) +  27tO)]
=  exp[ —i j 2 0 ( N  +  1 — j  — 1) —2-770] ] . (2.16)
This leads to  the sam e constra in t (2.12).
A  th ird  argum ent can be given for the restric tion  (2.12) 
as follows: W e let one anyon go around  all o the r anyons 
counterclockw ise w hich produces a phase 
N ow  let us deform  the  loop on the  cylinder as show n in 
Fig. 4. W e obta in  a loop consisting o f tw o loops at the 
opposite edges w ith opposite o rien ta tion  and  a line from  
one edge to  the o ther and  back fo rth . Since here we only 
consider A belian phases, the  con tribu tions from  the  la tte r 
line cancel during  traveling back and the  con tribu tions 
from  the  tw o edges cancel against each o th e r because of 
the symmetry  between the edges o f  the cylinder and their 
opposite orientation.  T hus, th ough  the  above loop is non- 
contractib le , it produces a triv ial phase fac to r o f un it on a 
cylinder. A gain  th is  gives rise to  (2.12), w hich is sim ilar 
to  the  restric tion  on a sphere .21
W e note th a t physically  (2.15) im plies th a t on the 
cylinder, reversing the  d irec tion  o f the  cen tra l flux O  will 
n o t change the spectrum  o f the anyon system . As a 
consequence, one infers th a t changing only the sign o f  0
FIG . 4. Schematic figure to explain the restriction for the 
statistics on the cylinder.
will no t change the spectrum  either. (This is because 
changing the sign o f bo th  6 and O  only tu rn s  th e  rep re­
sen tation  in to  its com plex conjugate.) These are certain ly  
desired sym m etries for the  cylinder case, since the cen tral 
flux is perpend icu lar to  the  sta tistica l flux. In  th is way 
we see th a t to  recover these sym m etries anyon statistics 
o r the  num ber o f anyons has to  be constra ined  by (2.12). 
T he anyons on annulus does no t necessarily satisfy th is 
restric tion . This tells us th a t though  the cylinder and an ­
nulus are topologically equivalent, how ever, the  special 
geom etric sym m etry o f the cylinder has effects on anyons 
on it. T h is is also an evidence show ing th a t com pared 
w ith  th e  p lanar case, the  nontriv ia l topology of the 
cylinder can have observable effects on physics o f anyons 
in a finite system . (As in the spherical case, these 
topology-dependent effects are expected to  d isappear in 
the  therm odynam ic lim it, since w hen N  tends to  infinity, 
the  allowed values o f 0 becom es quasicontinuous.)
To conclude th is section let us com m ent on sym m etries 
o f anyons on an  annulus. F irs t we no te th an  an annu lar 
anyon system  described by the rep resen tation  (0, 0 ) 
should  have the  sam e spectrum  as th a t by ( — 9, — O), 
since the two system s are rela ted  to  each o ther by revers­
ing the  o rien ta tion  o f the annulus. G enerically  it is ex­
pected  th a t the + 0  anyons on an annulus w ith the sam e 
nonzero  cen tra l flux do n o t have the  sam e spectrum , 
since the ir sta tistica l fluxes have opposite d irection  w ith 
respect to  th a t o f  O. H ow ever, when the  value o f 6 
satisfies (2. 12), one can establish relations like 
(2.14)—(2.16) for tw o iden tical annu lar system s w ith the 
cen tra l flux reversed, w hich im ply th a t such an annu lar 
(0, 0 ) anyon system  does have the sam e spectrum  as th a t 
for ( 0 , - 0 )  and  for ( —0 ,0 ) .  L ater we will perform  n u ­
m erical calculations to  check these sym m etries.
II I . PU TTIN G  ANYONS O N  A LATTICE
To investigate anyons num erically  one has to  be able to 
define anyons on a tw o-dim ensional la ttice w ith ap p ro p ri­
a te  boundary  conditions. T he guiding princip le for doing 
th is is to  produce the phase factors for all noncontracti- 
ble loops in the m any-body configuration space w hich are 
consistent w ith the braid-group  represen tation . In p a rtic ­
u lar, th e  braid-group  relations for its generators have to  
be respected. In  the  cylinder o r annulus case, a tten tion  
has to  be paid to  the  relations and  values for the  add ition ­
al generators corresponding  to  m oving anyons around  the 
hole.
In  th is section we first review the  (square) la ttice H am ­
ilton ian  and anyons on a board , then  discuss the  neces­
sary m odifications for the cylinder o r annulus. By 
“b o ard ” we m ean the vanishing boundary  condition  for 
bo th  x  and  y  d irections; for a “cy linder” or “ annu lus” 
one has the  vanishing boundary  condition  for the  x  d irec­
tion , b u t the  periodic boundary  condition  for the  y  d irec­
tion.
A. General Ham iltonian
I f  tw o anyons are in terchanged , the  to ta l wave function  
o f the system  changes by a phase fac to r e ‘e. F irs t one has 
to  assum e th a t the  particles have a hard  core, w hich is
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crucial for the  existence o f anyons .1,3 T hen  one can im ­
agine an  anyon as a partic le  having a un it charge and  a 
flux tube o f streng th  9, and in te rp re t the  exchange-phase 
e ' e as due to  the  A haronov-B ohm  phase associated w ith 
the  flux tu b e .2,3 W hen tw o particles are in terchanged , 
each partic le  feels the  o th e r’s flux so th a t the to ta l phase 
change is e ' 0. T his a rgum ent is im p o rtan t for a  m ean- 
field trea tm en t.
W e represen t the  flux tube adjoined to  an anyon by 
draw ing a string  from  th e  dual site to  th e  boundary  and 
assign a phase e ' e to  each o f  the  links cu t by the string , o r 
m ore precisely to  each hopping m atrix  elem ent on such a 
link. Thus, a la ttice  anyon is defined as a partic le  w ith  an 
associated  string , w hich has only one end po in t and  goes 
to  the  infinity o r the  boundary  (see Fig. 5). T he H am il­
ton ian  o f th e  system  is given by 
JpiO'jrH  = 2
Uj)
tijCje'^Ci +H.c. (3.1)
w here th e  sum m ation  is over the  nearest neighbors and c, 
is the  hard -core  boson o p era to r a t site i , 14 satisfying
[ci ,cj ] - 8 u , 
cjc} =  0 .
(3.2)
(3.3)
T he phase fac to r 9^  =  — 9jt is defined on the link ( i j ) . I f  
we include a real m agnetic field, then  6y is w ritten  as
0,7 =  2  ± 9  +  2ir<i>ij  , (3.4)
s t r i n g £ l in k {  i j )
w here is a con tribu tion  from  the  real m agnetic field. 
H ere we identify  0y as (lire / c h )  A - d l ,  w here A  is a 
to ta l vector po ten tia l o f the  s ta tis tica l flux and  the  real 
m agnetic field; the  quan tity
is the  to ta l (statistical plus real) m agnetic flux th rough  
the area  S  in un its o f the  flux quan tum  <f>Q =  c h / e .  T he 
sign of the sta tistics p a rt o f  9 i} depends on the  d irection  
o f hopping  across the  string. T he H ilbert space of the 
system  is spanned by the basis w hich specifies the  posi­
tion  o f the  particles,
I l r l , r 2- • • >r iV i > (3.5)
w here Tj is the  tw o-dim ensional coord ina te  o f the  y'th p a r­
ticle. H ere  the  o rder o f ry is irrelevant  in th is basis. 
F rom  (3.1) and  (3.4) we can determ ine the  hopping  m a­
trix  elem ents betw een th e  base vectors (3.5).
W e have no t specified the  boundary  cond ition  yet. The 
key p o in t here is th a t the  choice of the set o f  phase fac­
to rs 9tj ,  o r the  choice o f anyon strings, has to  be com pati­
ble w ith  the  boundary  conditions in the  sense o f agreeing 
w ith  the braid -g roup  requirem ents. N ow  let us consider 
th is problem  step by step.
B. Rule A (for a board)
By the  argum ent o f the  previous section it is easy to  
define the anyons on a board . W e consider an  L x X L y 
square la ttice and define the  anyon system  by assigning 
strings as show n in Fig. 6. Every anyon string  is parallel 
to  th e  x  d irec tion  and  runs from  left to  rig h t all the  way 
to  the  boundary . I f  an o th er anyon hops from  dow n to  up 
across such a horizon ta l string , the  change o f the  phase is
given by , the  hopping in the  opposite d irection
across the  string  would give rise to  the  opposite phase. 
W hen a partic le  moves, th e  s tring  a ttach ed  to  it m oves 
accordingly. T he phase change caused by th e  sweep of 
the  m oving string  over o th e r  anyons is determ ined  as if 
those anyons hop  across the  string.
W e em phasize th a t since anyons are iden tical particles, 
all the anyon strings have to  be the  sam e. O ne cannot 
sim ply have som e o f the  anyon strings runn ing  in  the  op ­
posite d irection , since it is easy to  see th a t if  so, no t every 
exchange o f a pa ir o f anyons (w ithout enclosing o ther 
particles) will give the  sam e phase e 10, though  m oving 
one anyon a round  the o ther once always gives the  righ t 
phase e ‘w .
T here is a subtlety  involving the  configurations in 
w hich m ore th a n  one partic le  has the  sam e y  coordinates. 
W hen one o f them  hops in the  y  d irec tion , we have to  
give a rule to  determ ine unam biguously  how  m any 
strings it goes across and how  m any o th e r anyons are 
sw ept by the  string  o f  the  hopping  anyon, so th a t ex­






FIG . 5. The configuration of a particle and a flux. The white 
circle is the particle and the black circle is the flux tube. The 
line with arrow  is a string to represent the flux tubes. If  the 
string cuts links, we give a phase factor e ‘e to the hopping m a­
trix element across the link.
F IG . 6 . The string rule for the board geometry. The white 
circles are the positions of particles and the black circles are the 
positions of flux tubes. We call this string rule as rule A.
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phase e l6. T o achieve th is we shift th e  position  o f  the flux 
tubes from  ( m + \ , n  — \ )  to (m  + \ ,  n — \  + m b ) ,  w here 8 
is a infinitesim ally sm all positive num ber, so th a t for 
anyons w ith th e  sam e y  coord inate , th e  particles m ore to 
the left have a low er string.
W ith  all these specifications, now  one can verify th a t 
all exchange phases associated w ith  (?, ’s are in  agreem ent 
w ith (2.3) and  (2.4). W e call the above rules as ru le A, 
w hich consistently  describes the anyons on a board . 
H ow ever, in the next subsection, we will see th a t w ithou t 
m odification it does not apply to  the  cases when the 
periodic boundary  condition  is im posed on one direction .
C. Rule B (for an annulus or cylinder)
Let us im pose the  periodic boundary  condition  in the y  
direction  o f the lattice. W e have to  m odel the anyons on 
such a la ttice to  satisfy th e  braid -g roup  represen ta tion  re ­
la tions on a cylinder o r annulus th a t we discussed in the 
previous section.
T he relations for the cr; ’s are satisfied by rule A , i.e., 
the  assignm ent o f  anyon strings as in Fig. 6. B ut as em ­
phasized before, we have to  take in to  accoun t the genera­
to rs p j ’s, i.e., the phase [29( j  — 1 ) +  277<f>] for the  y'th 
anyon m oving around  the hole. T he 2 v 0  p a rt can be 
easily included in to  the phase o f each hopping am plitude 
along a link in the y  direc tion  by changing it from  real t 
to  t e x p [/2 ttO / L y ]. T hus, w henever an anyon m oves 
a round  th e  hole in the  positive d irection , an ex tra  phase
2 770 is added to  th a t ob tained by rule A.
Let us check w hether these rules can give correct 
phases in consistency w ith  the braid -g roup  rela tions (2.8) 
and (2.10). To do th is we need to  carefully consider the 
hopping  in  the periodic d irec tion  (i.e., y  direction) around 
the  hole. I f  no tw o anyons have the  sam e x  coord inate, 
then  it is easy to  verify th a t the  rela tion  (2.8) is always 
satisfied. Since for the  ith  partic le  from  the  left edge, 
the re  are i — 1 particles on its left and N  — i — 1 on its 
righ t, con tribu ting  opposite phases to  p ,. So p / + 1 differs 
from  pj by a fac to r e ' 2e. H ow ever, w hen one evaluates 
the phase of, say, p u  one im m ediately realizes th a t it does 
no t satisfy the rela tion  (2.10). T he phase p t for the left­
m ost anyon m oving in the y  direction , obtained from  rule 
A  supplem ented by th a t for O , is not the  righ t one: it is
—  ( i V  —  1 ) 0  +  27t4> b u t no t 2rr<t>, since in  im plem enting p x
the  m oving anyon string  sweeps over all N  — 1 anyons to 
its righ t. This is the problem  we em phasized before: The 
effects o f 9 and  <t> are tangled  in p , . So ru le A  is actually  
w rong in having a w rong value for the cen tral flux by an 
am oun t o f — {N  — 1 )9. T o co rrec t th is  we sim ply add a 
cut  or string at  y  =- j  f r o m  the left edge to the right edge 
and let it carry the strength or phase j u m p  ( N  — 1)6, so 
that  every anyon going across it upward will gain an extra 
phase (N — 1 )6, com pensating  th e  e rro r b rough t by sim ­
ply applying rule A  on an annulus. W ith  th is rule supple­
m en ted  to  those o f  ru le A , we obtain  ru le B, w hich 
correctly  describes the  anyons on an annulus by having 
properly  isolated the  sta tistics 6  from  the  cen tra l flux <t>. 
F o r the cylinder case we sim ply require, in  addition , th a t 
N  and 6 satisfy the  restric tion  (2.12).
W e notice th a t ou r co rrec tion  is form ally equivalent to 
sh ift th e  cen tra l flux, since the  braid -g roup  rela tion  (2 .10) 
gives an unam biguous definition for the cen tral flux 0 . 
A lternatively  the above correc tion  o f the  cen tra l flux can 
be achieved by changing the hopping ampl i tude along 
each y  l ink to fexpj/[277<I> +  (iV — 1 ) 6 ] / L y j . T hen  one 
does not need the  cu t a t y  =  \  and th is trea tm en t will ex­
plicitly m ain ta in  periodicity  everywhere.
O ne m ay th ink  th a t the situations w ith m ore than  one 
particle  having the  sam e x  coord ina te are m ore delicate. 
H ow ever it is not m uch  so, since in im plem enting p, for 
one such particle , ho rizon tal hopping has to  occur som e­
w here to  avoid the  anyons standing on its way in  the  y  
d irection , and no t any am biguity  w ould arise consequent­
ly. Thus, rule B is enough to  deal w ith all situations.
A no ther m ore in tu itive derivation  o f rule B is given in 
the A ppendix  w ithout explicitly involving th e  b raid- 
group argum ents.
As a consistency check let us show th a t for the  6 =  77- 
case, ru le B reproduces th e  usual rule for the F ock  space 
rep resen tation  of the ferm ionic H ilbert space. T he H il­
bert space is spanned by
(3.6)
w here f j {j) is a creation  o p era to r o f the  usual ferm ion at 
site i (J) and  the sites i (j ) ’s a re  ordered  by som e conven­
tion. A n ordering convention w hich is consistent w ith 
rule B is
(1 ,1 ) < (2 ,1) <  (3 ,1 ) <  •••  < ( L X, 1 ) < ( 1 , 2 ) < ( 2 , 2 ) < < ( L x , L v (3.7)
If  the  hopping partic le  is no t across the periodic bou n d ­
ary , e.g., from  (m , n ) to  (m , n  + 1 )  (n < L y ), (3.7) tells us 
the  sign o f the hopping process is given by
: - n z (3.8)
w here L  is the num ber o f the  particles whose coord inate 
is (x,n  + 1 )  (x  <m  — 1) and  R  is the  num ber o f th e  p a r ti­
cles whose coord inate is (x , n ) ( x > m  + 1 ). By rule A  or 
ru le B, the change of the phase is given by
exp[/ (L  — R  )-rr] =  ( — 1 )L (3.9)
I t coincides w ith  th e  ferm ion sign. H ow ever, if  the fer­
m ion at po in t P  in Fig. 7(a) hops to  po in t Q, the ordering 
convention tells us the  sign is
^ |  ^MA)  + MD) +ME )  ^  IQ)
w here A ’( X)  is the  num ber o f  partic les in region X.  By 
ru le  B, the  change of the  phase is given by
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(a)
FIG . 7. (a) A  hopping process in which a particle hops at the 
edge of the system under the periodic boundary condition, (b) 
The string configuration after the hopping. These figures ex­
plain rule B. String I shows the configuration just after the 
hops. String II is the standard position o f the string.
ex p [ / [ (JV -  1) +  M  C) -  M  B ) j tt ]
=  ( — 1 )MA)+JV(D)+ME) (3.11)
in agreem ent w ith  (3.10), w here JV( A ) + A f ( B ) + J V ( C )  
+ J V ( D ) + M E ) = N - I  is used.
H ow ever, if  we use ru le A , th is phase is given as 
( _  i jn confljc t wjth the  ferm ion ru le (3.10).
So we conclude th a t ru le A , w hen naively applied  to  the 
annulus o r the  cylinder, canno t even reproduce the free 
ferm ions by s ta rting  from  th e  hard -core  bosons. Indeed, 
we have no ticed  th a t in  Fig. 1(a) o f Ref. 17 fo r the 
g round-sta te  energy versus sta tistics, the  ferm ion po in t 
does n o t agree w ith  the exact resu lt from  the  usual fer­
m ion calculation . It is expected th a t the w hole curve 
th e re  is not co rrec t, since it ac tually  co rresponds to  the 
cases w ith  a nonvanishing cen tra l flux — ( N  — 1)6, w hich 
depends on 8.
D. Rule C (also for an annulus or cylinder)
T here  is an o th er ru le w hich can consistently  define the 
anyons on the annulus o r  cylinder. O f course, <I> should
FIG . 8. A nother string rule for the cylinder. We call this 
string rule as rule C.
be included as usual. W e call the  follow ing ru le as ru le C: 
A ssign to  each anyon located at, say, the  site (m , n ) a  8 
string  from  the  adjoining p laquette  (m +  y  +  «8 ,n  — y) 
vertically  to  (m +  y  +  n 8, y) w here it is tu rn ed  in to  a h o r­
izontal 28  string  to  the  rig h t edge, as show n in Figs. 8 
and  9. H ere 8 is an infinitely sm all positive num ber to  
avoid th e  am biguity  in the  positions o f  the vertical strings 
w hen several particles have the sam e x  coord ina te. This 
ru le is sim ilar to  th a t given in Ref. 18 for anyons on a 
torus.
F o r various noncon tractib le  loops in the  anyon 
configuration space, one can s tra igh tfo rw ard ly  verify the 
consistency o f rule C for the  anyon s tring  w ith  the b raid- 
g roup  rela tions on th e  annu lus o r cylinder. Especially 
the  horizon ta l 28  strings are designed for th e  rela tion  
(2.8) to  hold , w ith  p, realized as a closed hopp ing  along 
the  y  d irec tion  across / — 1 such strings. A lthough  the 
cu t a t y  = y  appears to  have broken  the  period icity  in the 
y  d irection , no real breaking  occurs. B ut the advantage 
o f th is rule is th a t no co rrec tion  like in ru le B for the  cen­
tra l flux <t> is needed, since it is easy to  see th a t for the 
leftm ost anyon, p x is exactly exp[/27rO  j .
As a check, we show th a t ru le C is also consisten t w ith 
the usual ferm ion ru le if  we take th e  o rdering  convention  
as
s a m e  x  coo rd in a te
FIG . 9. A  schem atic figure to express the delicate phase in 
rule C. The black circles express the composite o f a particle and 
a flux tube.
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( ! , ! ) < (  1,2) <  (1 ,3 ) < < ( 1,Z, ) < (2 ,1 ) <  (2 ,2 ) <  • • ■ < ( L x , L y ) . (3.12)
F o r the  cylinder case, the re  are som e subtle points. C on­
sider the  case in w hich the  p artic le  a t the  site (m ,L y ) (A  
in  Figs. 9 and 10) hops to  the  site (m,  1) (C in Figs. 9 and 
10). T he usual ferm ion ru le tells us th a t the phase should
M  — 1
be (— 1) m , w here M m is the  num ber o f particles 
w hich have the sam e x -coord inate  m  (in Fig. 9, M m = 3 ). 
To take in to  account th is phase we divide the hopping 
process in to  tw o parts . F irst, the  partic le  a t A  hops to  a 
v irtua l B  site [Fig. 10(a)], T here  is no phase change in the 
process. N ext it hops from  the  site B  to  C  [Fig. 10(b)], 
T he phase change in  th is process is
e x p [ /0(M m — 1 )] , (3.13)
because the  M m — 1 particles are sw ept by the 6  string  of
_______________________________________________I
th e  m oving partic le  in the  positive direction. F o r a fer-. M — 1 .
m ion, 0 is equal to  ir, thus (3.13) is (— 1) m , w hich is 
consistent to  th e  usual ferm ion rule.
L et us proceed to  check w hether rule C correctly  
represen ts the generato r p  o r no t. W e con tinue the  p ro ­
cess un til the partic le  re tu rns to  the original po in t A.  If  
the  partic le  hops from  C  to  D  [Fig. 10(c)], the change of 
the  phase is exp[/2£W m], w here N m is the num ber o f the 
particles whose x  coord inates are less th an  m.  W e as­
sum e th a t the  string loop d isappears com pletely after the 
partic le  crosses th e  line y  =  \  w here the  20  strings are ly­
ing. N ext it hops from  D  back  to  A  and the  phase 
change is exp[ — (9 ( M m — 1)]. T hen  the to ta l phase 
change in the process in  w hich the partic le  at A  moves 
around  the  cylinder by the  rou te  show n in Fig. 10(d) is
exp[i'0(M m — 1 )]exp[/26W m ]exp[ — i d ( M m — 1)] =  exp[/26W „ (3.14)
w hich is p N +1 as expected.
R ule C for anyons on the  annulus o r the  cylinder looks 
very different from  the previous ru le B. T he equivalence 
betw een them  can be established ind irectly  by showing 
th a t for each generato r a  j  and  pj ,  the two rules always 
give identical phases. A s we will show  la ter, num erical 
ca lcu lations also verifies the  equivalence. W e em phasize 
th a t ru le C  looks very n a tu ra l in dealing w ith  the cen tral 
flux, and so its equivalence w ith  ru le B confirm s th a t our 
co rrec tion  for the cen tra l flux in th e  la tte r is really 
correct.
W e conclude th is  section by m aking the  follow ing re ­
m ark. A  la ttice has no geom etry. O ur la ttice  described 
by ru le B or rule C generically corresponds to  an annulus 
system . B ut w hen the condition  (2.12) is satisfied, it
(a) (b)
(<=) <d>
FIG . 10. Schematic figure to count the phase in the process 
in which a particle hops from A to C, C to D , and D  to A by 
rule C.
represen ts e ither a  cylindrical system  o r one of tw o iden­
tical annu lar system s w ith  opposite <t> (see Fig. 2). This 
agrees w ith the know n equivalence o f the la tte r  tw o free 
system s satisfying (2. 12) in the  continuum  case, since the 
braid -g roup  relations (2.3)—(2.11) ho ld  unchanged during  
the  continuous deform ations show n in Figs. 2(A) and 
2(B), w hich change the cy linder in to  the two annuli w ith 
opposite 4>.
IV. N U M E R IC A L  R ESU LTS
W e tre a t an L x X L y finite-size system  w ith  N  particles 
by an  exact d iagonalization and we denote it by 
L x X L y / N .  F o r a small system , we use the usual p ack ­
ages o f a com bination  o f the H ausho lder m ethod  (to get 
eigenvalues) and  the  b isection m ethod  (to get eigenvec­
tors). W e can get all the sta tes for a sm all system  such as 
3 X 3 /3 .  F o r a la rger la ttice we also use the  Lanczos 
m ethod  to  ob ta in  eigenenergies.
A. Consistency with the analytical argument
W e w ant to  check the consistency of o u r num erical ca l­
cu lation  w ith  th e  analytical argum en t presented  in the 
last section. F irs t we com pare the  energy o f 2 i r \  anyons 
to  th a t o f usual ferm ions (tight-binding model). O ur re ­
sults are com pletely consistent w ith  it bo th  for th e  board  
and th e  cylinder geom etries. O ne po in t we have to  note 
in the cylinder geom etry is the  following. W e have con­
struc ted  tw o sets o f ru les to  satisfy braid-group  arg u ­
m ents, rules B and C. W e believe th a t they are 
equivalent. H ow ever, it is n o t so sim ple to  show the 
equivalence directly . W e investigate the consistency by 
the num erical ca lculation  o f the  ground-state  energies. 
W e have calculated  the to ta l energies for a 3 X 4 /6  an ­
nulus geom etry by these tw o ru les and  rule A. T he re-
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suits are show n in Fig. 11. R ules B and  C give com plete­
ly the  sam e results for general sta tistics on the  annulus 
geom etry. I f  we use ru le A , th e  energies are different. 
W e canno t rep roduce the  free ferm ion value by rule A 
(here — 6 — 21/2  show n in Fig. 11 ind icates the  exact free 
ferm ion energy). I t seems th a t Fig. 1 o f Ref. 15 and Fig. 
1(a) o f Ref. 17 coincide w ith  those  calcu lated  by ru le A.
N ex t we w ant to  investigate the  effects o f  the  cen tra l 
flux w hich th reads th ro u g h  the hole o f the  annulus. R e ­
sults for a 3 X 3 /4  system  w ith  various sta tistics p aram e­
ters are show n in Figs. 12(a)-12(c), results for a 3 X 4 /6  
system  are show n in Fig. 12(d) an d  results for a 3 X 3 /3  
are show n in Fig. 12(e). F o r each case we calculate 
g round-sta te  energies o f ± 0  anyons versus 0 , w here 
6/2' ir’s a re  \  (semion), -j and  ^  fo r the  3 X 3 /4  system , 
for the  3 X 4 /6  system , and  \  (semion) for the  3 X 3 /3  sys­
tem . In  general, we have E  ( 6 ,0  )=£E ( — 6 ,0 )  and 
E  (6,<&)¥=E {9, — 0 ) .  So it is n o t surprising  th a t on an 
annulus th e  energy is no t sym m etric w ith  respect to  rev­
ersing 0 .  H ow ever, if  th e  condition  (2.12) (e ,ie{N~ l)= \ )  
is satisfied, th a t is 6 / 2 i r = + ~  for 3 X 3 /4 ,  6 /2 i r  =  ±~g for 
3 X 4 /6 ,  and 6 / 2 i r = ± j  (semion) for 3 X 3 /3 ,  ± 0  anyon’s 
energies are  exactly the  sam e. I f  the  system  is a cylinder, 
we canno t d istinguish  ± 6  sta tistics and  the equation  
E  (9 , 0 )  =  E  ( — 9 , 0 )  holds. A lso the  energy is invarian t if 
we change th e  signs o f 9 and  0  sim ultaneously. This im ­
plies th a t E(9,<t>) =  E ( 9 ,  — 0 )  and  th e re  is no asym m etry  
w ith  respect to  0  in the energy diagram  for the  cylinder 
system  [see Figs. 12(c), 12(d), and 12(e)].
W e have also calcu lated  an E~<t>  d iagram  by in tro ­
ducing a next-nearest-neighbor in te raction  u. W e calcu­
la ted  for the case u =  — 0.5 w hich corresponds to  the 
cases in Fig. 2 o f Ref. 16. T he results ob ta ined  from  ou r 
rule agree w ith  theirs. I t seems ou r rule and the ir ru le in 
Ref. 16 are consistent. T his m eans the  rules used in Refs. 
15 and  16 are different.
3 x 4 /6  b y  v a r io u s  r u le s
B. Spectral flow and level crossing
W e calcu lated  no t only the  g round-sta te  energies, b u t 
also excited energies. W e find th a t the re  are m any level 
crossings w hen we sweep the  cen tra l flux. T he H am il­
ton ian  o f the  system  is invarian t if  we change 0  by an in ­
teger. A  change o f 0  by A 0  is rem oved by a redefinition 
o f the orig inal hard-core-boson  opera to rs (3.2) as
- ;2 v r A 0 - ^ - (4.1)
w here cm „ is the  ann ih ila tion  o p era to r o f the  hard -core  
boson a t (m , n ) site. I f  A 0  is an  in teger, (4.1) does not 
cause any effect to  the  boundary  condition , th a t is, 
c m,L  +i =  c m ,i is a lso satisfied fo r the  new  opera to rs . W e 
calcu lated  the lowest several energies for various system s. 
In  Fig. 13 we show the results (a) fo r 277y sta tistics in  the 
3 X 3 /4  system , (b) for 2vjg  sta tistics in  the  3 X 4 /6  sys­
tem , (c) for 2wjg sta tistics in th e  3 X 3 /3  system , and  (d) 
for 2 t t j  sta tistics (semion) in th e  3 X 3 /3  system . These 
show  th a t the spectrum  is really invarian t if  we change 0  
to  0 + 1, how ever, th e  period o f each level is no t one. 
This is the  so-called spectral flow. In  Fig. 13(a), the 
low est th ree  levels are separated  from  th e  o th e r levels 
(there is an  energy gap) and  the  period  o f  the  sta tes is 
th ree . W e can explain th is by a sim ple consideration . 
W e can rem ove the effect o f th e  change from  0  to  0  +  1 
by a gauge transfo rm ation  (4.1) and we can in te rp re t th is 
gauge transfo rm ation  as a “ la rge” gauge transfo rm ation  
because th is gauge transfo rm ation  is no t continuously  
connected  to  the iden tity . O n th e  o th e r hand  if  the 
change o f the  cen tra l flux is L y , (4.1) becom es an identity . 
T hus the  period o f the w hole system  has to  be L y . I t  is 
also possible th a t the period is no t L y b u t a fac to r o f L y . 
In  Fig. 13(c), for exam ple, the  period o f the  g round  sta te  
is 1. These considerations are m ost easily seen in the  fer­
m ion case. In  th is  case th e  eigenstates are construc ted  by 
the  p ro d u ct o f one-body states. T he energy o f a one-body 
s ta te  is easily ob ta ined  as (see Fig. 14)
— 2 f L„ + 1 +  COS 27T
ny +0
(4.2)
FIG . 11. G round-state energy vs statistics diagram  by three 
different rules for a 3 X 4 /6  annulus system.
w here nx =  1,2, . . . , L x and ny =  1,2, . . . , L y . A  m any- 
body sta te  is ob ta ined  by filling these states up  to  the 
num ber of particles. T he energies o f th e  one-body states 
change continuously  as (4.2) w hen 0  changes. I f  we s ta rt 
from  g round  sta te  and  change 0  from  zero to  1 , the sta te  
continuously  changes to  one o f th e  excited states. The 
schem atic d iagram  o f the  situation  is show n in Fig. 14. 
F o r general anyon cases, the re  are m any level crossings 
due to  these spectral flows.
In  som e cases, the re  is an energy gap w hen we change 
the  cen tra l flux as show n in Figs. 13(a) and 13(c); how ev­
er, we canno t get th is type o f energy gap for la rger sys­
tem s [for exam ple, Fig. 13(b)]. W e canno t m ake a sys­
tem atic  conclusion as to  the  existence o f the  energy gap.
T here are also spectra l flows w hich cause m any level 
crossings w hen we change the  sta tistics. W e show  such
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results in Figs. 15: 
board.
(a) on the annulus and  (b) on the
C. Comparison with the mean-field treatm ent
In th is subsection we w ant to  investigate the  accuracy 
o f the  mean-field trea tm en t. Several au tho rs trea t the 
anyon system  by an analy tical m ethod  in w hich the  sta ­
tis tical flux is replaced by a uniform  m agnetic 
field.8-13,15,17,22 W e com pare the  exact solu tion  for the 
finite system  to  the  mean-field results. H ere we sum m a­
rize the mean-field trea tm en t o f the  sta tistica l flux. W e 
consider 9  sta tistics anyon w ith  density  n as a ferm ion 
w ith  flux tube tt— 8 and  w ant to  replace the  system  w ith 
a system  o f n on in teracting  free ferm ions w ith  2n<t>F m ag­
netic  field. W e find <t>F by th e  condition  th a t the  aver-
(a)
1 /4  s ta t i s t i c s  a n yo n  3 x 3 /4  on an n u lu s
(b )
1 /5  s ta t i s t i c s  a n yo n  3x3 /4  on  a n n u lu s
0 + 1/4 
-1/4
----- ■----  +1/5
-----_i/5
(C)
1 /6  s ta t i s t i c s  a n yo n  3x3 /4  on  c y lin d e r
+ 1/6
statistics, (a) 2ir^  statistics (semion) for a 3 X 3 /4
statistics for a
-------- * —  - 1/6
FIG . 12. G round-state energy vs central flux diagrams for 8 statistics and 
annulus system, (b) 2 w j  statistics for a 3 X 3 /4  annulus system, (c) 2 ir \  statistics for a  3 X 3 /4  cylinder system, (d) 2-ttT(j 
3 X 4 /6  cylinder system, and (e) 2-irj statistics (semion) for a 3 X 3 /3  cylinder system. The condition exp[/2( JV — 1 )] =  1 is satisfied for 
(c), (d), and (e). In  the (c), (d), and (e) cases, the curves for +  0 and — 9 coincide w ith each other and they are symmetric with respect 
to <J> =  0.
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(d) (e)
1 /1 0  s ta t i s t i c s  a n yo n  3 x 4 /6  on  c y lin d e r  1 /4  s ta t i s t i c s  a n yo n  3x3 /3  on  c y lin d e r
0 + 1/10 
- 1/10
0 + 1 /4  -1 /4
FIG. 12. (Continued).
aged A haronov-B ohm  phase o f th e  particles to  be the 
sam e as the  phase due to  the statistics. W hen one anyon 
m oves a round  an o th er anyon, the to ta l change of the 
phase is 2(ir — 0). T hus the  anyon gets a phase change 
2(7T ~ d ) n S  on average w hen it m oves a round  an area  S. 
I f  th e  partic le  is a ferm ion in a m agnetic field, the change 
is 2irOFS.  By th is  consideration  one finds th a t the  m ean 
field is given by (see Fig. 16).
<*V = (4.3)
In  our finite-size calcu lation  we also calcu late  a  m ean 
field w hich corresponds to  n'  =  ( N  — l ) / L xL y instead of 
n =  N  / L x L y . T he fac to r N  — 1 is presen t because the 
anyon do no t feel its ow n field a t least in our la ttice m od­
el (no self-interaction).
In  Fig. 17(a) we show  the  exact g round-sta te  energies 
for a 3 X 4 /5  annulus system  and th e  mean-field ground- 
sta te  energies w here the  mean-field ca lcu lation  is done 
by(4.3) w ith  n '  =  ( N  — 1 ) / L xL y . I t  shows th a t the  m ean- 
field energy o f the  g round  sta te  agrees w ith th a t o f the ex­
ac t one w ith in  5%  un til abou t sem ion statistics. T here 
are m any level crossings when we change the  statistics 
and  th e  global s tru c tu re  o f these level crossings is also 
p resen t in th e  mean-field calculation . In  F ig. 17(b), we 
show  the  overlap  betw een th e  g round-sta te  wave function  
o f  th e  exact anyon system  and th a t o f th e  ferm ion system  
in the  uniform  m agnetic field w here ‘tboson's a stren g th  of 
th e  m ean field w hich co rresponds to  the  boson system . It 
shows th a t the  overlap  betw een th e  exact g round  sta te 
and th a t o f the mean-field calcu lation  is no t so large if the 
sta tistics is less th an  abou t 0.97r. W e can only say th a t
th e  mean-field wave function  is n o t so bad unless some 
level crossing occurs w hen th e  s ta tis tics changes from  the 
ferm ion point. H ow ever, the re  are m any level crossings 
and th e  region w here th e  m ean field is very good is no t so 
large. In  Fig. 18 we also show  sim ilar results for th e  fixed 
boundary  condition . F igure 18(a) shows th a t the  m ean- 
field energy is very good unless level crossing occurs. W e 
also show the  resu lt o f the  overlap  in Fig. 18(b). It 
confirm s th a t th e  mean-field calcu lation  is good unless 
level crossing occurs. A fter the  level crossing, how ever, 
the mean-field approx im ation  is not so good. T he range 
w here the  mean-field calcu lation  is good is la rger for the 
fixed boundary  condition  (board) com pared  to  the period­
ic boundary  condition  (annulus).
W e also perform  a mean-field ca lcu lation  from  h a rd ­
core bosons. T he hard -core  bosons are no t so easy to  
handle by the analy tical m ethod . Some au tho rs, how ev­
er, m ake such an app rox im ation  using a vortex  s tru c ­
tu re .23,24 In Figs. 19(a) and  19(b) we show  the  co m p ar­
ison o f the  energies by th e  mean-field from  th e  hard - 
core-boson po in t for b o th  th e  cylinder case and the  board  
case. T he mean-field streng th  is ob ta ined  by replacing rr- 
9 by 6 in (4.3), i.e., one has
9 (4.4)
W e also show  th a t the  mean-field ca lcu lation  using 
n '  =  ( N  — I ) / L xL y . T he results also show  th a t m ean field 
is good unless level crossing occurs. T he region w here 
the  m ean field is good is w ider th an  th a t o f the  mean-field 
calcu lation  from  the  ferm ion, because th e re  are fewer lev­
el crossings near the hard-core-boson  point.
(a)
1 /5  s ta t i s t i c s  a n yon  3*3 /4  s p e c tr a l f lo w
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(b)
1 /1 0  s ta t i s t i c a l  a n yon  3*4 /6  s p e c tr a l  f lo w
<P
FIG . 13. Energies for the several lowest states as a function o f the central flux: (a) 2ttj  statistics for a 3 X 3 /4  cylinder system, (b) 
2tt~  statistics for a 3 X 4 /6  cylinder system, (c) 2 v ~  statistics for a 3 X 3 /3  cylinder system, and (d) 2 v j  statistics (semion) for a 
3 X 3 /3  cylinder system. In (a), the period o f the lowest three states is not one but three. This shows the spectral flow clearly. F u r­
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(C )
1 /1 0  s ta t i s t i c s  a n yo n  3*3 /3  s p e c tr a l  f lo w
0
(d )
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V. SU M M A RY  AND D ISC U SSIO N S
In  th is paper we presented  a careful reexam ination  of 
anyons on a cy linder (or annulus), s ta rting  from  the 
braid -g roup  analysis. W e focused on the  topological 
features arising from  the  existence o f noncon tractib le  
loops. In  the  usual tw o-dim ensional plane, generators o f 
the  b raid  group  are given by local exchanges o f  tw o 
neighboring particles w hich characterize  the  sta tistics o f 
the system . W e notice, how ever, th a t the cylinder, 
though  noncom pact, is still topologically  non triv ia l and 
differs from  a board  o r a p lane in th a t the re  are noncon­
trac tib le  loops on it. O n the  cylinder we find th a t there 
are add itional generators besides the usual local ex­
changes in the b raid  group  w hich correspond to  m oving 
anions around  noncon tractib le  loops. To define the  rep ­
resen tation  o f the  b raid  group  on the  cylinder, we have to 
include the effect o f the cen tra l flux 0  th rough  the cen­
tra l hole. T he braid  group  is characterized  by tw o p a­
ram eters (0, 0 ) and  these tw o are tang led  w ith each other. 
W e have to  trea t it carefully to  ob ta in  effects o f  the physi­
cal cen tra l flux 0  separately.
T here  is no am biguity  w hen we p u t anyons on the 
board . H ow ever, the  ru le for pu tting  anyons on  a square 
lattice has to  be modified w hen th e  periodic boundary  
condition  is im posed on one d irection  (cylinder). W e 
have explicitly construc ted  tw o seem ingly different rules 
to  define anyons on a cylinder w hich satisfy the  require-
FIG . 14. Schematic diagram  to explain the spectral flow of 
the free fermion. The ground state for <J> =  0 case is continuous­
ly connected to the first excited state for the 4>= 1. Notice that 
the 4>=1 flux is removed from the H am iltonian by the “large” 
gauge transform ation (see text).
m ent o f the  b raid  group.
To check ou r analysis we have perform ed som e finite- 
system  calculations. T he consistency of ou r results has 
been verified by the  agreem ent o f the  num erical results 
from  o u r tw o different sets o f rules. A lthough  they bo th  
satisfy the braid -g roup  requirem ents, the  equivalence be­
tw een them  otherw ise is not obvious a t all. W e have also 
explicitly show n th a t bo th  o f o u r rules reproduce the usu­
al F ock space o f ferm ion system.
(a)
A n y o n  o n  a  3 x 4 /6  A n n u lu s
s t a t i s t i c s
(b)
A n y o n  o n  a  3 * 4 /6  B o a r d
s t a t i s t i c s
FIG . 15. Energies for the several lowest states as a function 
of the statistics: (a) for a 3 X 4 /6  annulus system and (b) for a 
3 X 4 /6  board system.
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A n y o n  D e n s ity  n  F e r m io n  D e n s ity  n
( Fermion with tlux tube n -e ) sta tistics  0 +  unifo rm  flux <J>F
a re a  S  a re a  S
< U y  Q O
c h a n g e  of p h a s e  2 (r c -6 )n S  =  c h a n g e  of p h a s e  2 ti<I>S
0 = ^ n  ‘ n
FIG . 16. Schematic diagram  to explain the mean-field ap­
proxim ation.
W e have calcu lated  no t only the  g round  sta te  b u t also 
several excited states. W e have also calcu lated  the  spec­
tra l flow o f  the  excited sta tes w ith  varying sta tistics or 
flux and  have seen a lo t o f  level crossings, w hich seem to 
be a general fea tu re  o f anyon system s.
T he cylinder and  the  annu lus are topologically  
equivalent. H ow ever, they are n o t equivalent if  we define 
anyons on them . W e can  define 6 s ta tis tics anyons on a 
cy linder if  and  only if the  cond ition  exp[z'20(iV — 1 ) ] =  1 
holds, w here N  is the  num ber o f  the  particles. A ny 6, 
how ever, is allow ed on the  annulus. A t these special 
values o f the  sta tistics no ted  above, we can  identify  the
(a) (a)
3 x 4 /5  a n n u lu s 3 x 4 /5  b o a r d
S t a t i s t i c s S t a t i s t i c s
(b) (b)
StattStiCS
FIG . 17. (a) Com parison o f the ground-state energies be­
tween the exact calculation and the mean-field calculation for a 
3 X 4 /5  annulus system, (b) Square o f the overlap between the 
exact anyon wave function and the fermion wave function with 
uniform  magnetic field. The diagonal direction corresponds to 
the mean-field value.
F IG . 18. (a) Comparison of the ground-state energies be­
tween the exact calculation and the mean-field calculation for a 
3 X 4 /5  board system, (b) Overlap between the exact anyon 
wave function and the fermion wave function w ith uniform 
magnetic field. The diagonal direction corresponds to the 
mean-field value.
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annulus as a cylinder. In  general, the re  is a sym m etry  for 
the  g round-state  energy, th a t is,
^ a n n u lu s  ( 0> <*>) =  -^a n n u lu s  ( ~  0, -  O); how ever, generically 
E annuius( e , ^ > ) ^ E annalus(-e,< I> ). I f  the  above condition  is 
satisfied
^ c y l i n d e r  =  ^ c y l i n d e r  < ~  8, <*> ) =  ^ c y l i n d e r  ( 6>, —<!>). This
m eans th a t the d irection  o f  the fluxes (both cen tra l flux 
and v irtua l sta tistica l flux) does no t have any physical 
role in the  cylinder geom etry. W e num erically  checked 
these sym m etries.
F inally , we have com pared  the  energy and the wave 
function  o f the exact sta te  w ith those o f the mean-field 
calcu lation  in th e  annulus (we canno t say “cy linder” ). 
T here are m any level crossings w hen we change the 
sta tistics on the  annulus. F irs t we have perform ed a 
mean-field calculation  from  a free ferm ion. T he energies 
are accurate  in a few percen t up  to  the  sem ion point.
(a)
M ean f i e ld  fr o m  ha rd-core bo so n  3*3/3 o n  th e  a n n u lu s
S t a t is t ic s
(b )
M ean f i e ld  fr o m  ha rd -core  boson  3*3/3 on th e  board
S t a t is t ic s
FIG . 19. Com parison of the ground-state energies between 
the exact calculation and the mean-field calculation for 3 X 3 /3  
cylinder system. In this case the particles are hard-core boson, 
tha t is, the mean field are from the hard-core boson point: (a) 
for a cylinder and (b) for a board.
H ow ever, if  we com pare the  overlap o f the  wave func­
tion, th e  m ean field is not so good if level crossing occurs. 
In  th is po in t o f view, the region w here the  m ean field is 
good is no t so large away from  the  ferm ion point. W e 
also calcu lated  a sim ilar calcu lation  for a board  
geom etry. T he results are sim ilar and the range is w ider 
w here the m ean field is good. W e have also com pared  a 
sim ilar mean-field calculation  from  a hard -core boson. 
T he tendency is sim ilar to  th e  mean-field calcu lation  from  
the ferm ion. H ow ever, it seems th a t the level crossing 
does no t occur near the hard-core-boson point and  the 
range w here the m ean field is good is ra th e r  w ider than  
th a t o f  the mean-field calcu lation  from  the free ferm ion.
Note added  in proof. A fter the presen t w ork was com p­
leted, C h ih -H an  Sah proved th a t our defining rela tion  of 
the b ra id  group on the annulus is com ple te .25
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APPENDIX
H ere, we give an in tu itive derivation  o f  ru le B. W e in ­
vestigate the  process in w hich the  particles a t P  hops to  Q 
in Fig. 7 under the periodic boundary  condition. This 
process is decom posed in to  two steps. T he first step is ex­
pressed by a solid line in  Fig. 7(a). T he change o f the 
phase is given by
M C ) d  , (A l)
w here JV( Q  is the num ber o f the particles in region C. 
A fter th is step, th e  configuration o f the strings is given by 
Fig. 7(b) w ith string  I. This string  configuration is not a 
standard  one and we have to  deform  it to  the standard  
string  II. T he change o f  the phase in th is step is given by
{ M A ) + M C ) + M D ) + M E ) ] 9  . (A2)
T hus the  to ta l change o f the phase is
[ M A )  +  2 J V ( C ) + M D ) + M E ) } 6  . (A3)
U sing a sim ple constra in t
N = M A ) + M B ) + N ( C ) + M D ) + M E ) +  \ . (A4)
T he to ta l change o f phase in th is  process is rew ritten  as
( N - \ ) e + [ M C ) - M B ) ] d  , (A5)
w here [ N ( C ) —J\f(B)]0 could be given by rule A , how ev­
er, the re  is ano ther fac to r (iV — 1 )0. W e have to  give an 
ex tra  fac to r e l<-N ~ 1)e to  the sim ple ru le A  if some particle 
a t the  edge hops to  the o th e r edge under th e  periodic 
boundary  condition.
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